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Abstract

Recently, Rossman [STOC ’08] established a lower bound of ω(nk/4) on the size of
constant-depth circuits for the k-clique function on n-vertex graphs, which is the first
lower bound that does not depend on the depth of circuits in the exponent of n. He
showed, in fact, a stronger statement: Suppose fn : {0, 1}(n

2) → {0, 1} is a sequence of
functions computed by constant-depth circuits of size O(nt). For any positive integer k
and 0 < α ≤ 1/(2t−1), let G = ER(n, n−α) be an Erdős-Rényi random graph with edge
probability n−α and let KA be a k-clique on a uniformly chosen k vertices of G. Then
fn(G) = fn(G ∪KA) asymptotically almost surely.

In this paper, we prove that this bound is essentially tight by showing that there
exists a sequence of Boolean functions fn : {0, 1}(n

2) → {0, 1} that can be computed
by constant-depth circuits of size O(nt) such that fn(G) 6= fn(G ∪KA) asymptotically
almost surely for the same distributions with α = 1/(2t− 5.5) and k = 4t− c (where c is
a small constant independent of k). This means that there are constant-depth circuits of
size O(n

k
4 +c) that correctly compute the k-clique function with high probability when the

input is a random graph with independent edge probability around n−2/(k−1). Several
extensions of his lower bound method to the problem of detecting general patterns as well
as some upper bounds are also described. In addition, we provide an explicit construction
of DNF formulas that are almost incompressible by any constant-depth circuits.
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1 Introduction and Results

Proving a good lower bound on the size of Boolean circuits for explicit functions is one of
the main challenges in theoretical computer science. The model of constant-depth circuits is
one of two restricted models that has been a great success (see e.g., [1, 5, 12, 13, 23]). The
other model is monotone circuits (see e.g., [2, 3, 19, 20]).

In this paper, we study the complexity of the k-subgraph isomorphism problem on
constant-depth circuits. The k-subgraph isomorphism problem is, given a fixed “pattern”
graph H on k vertices, to answer whether an input graph contains H as a subgraph. The
problem has been widely investigated (e.g, [4, 9, 10, 17]). This work is strongly motivated
by a recent work by Rossman [21], in which he established an ω(nk/4) lower bound on the
size of constant-depth circuits for the k-clique problem on n-vertex graphs, which is the first
lower bound that does not depend on the depth of circuits in the exponent of n. Throughout
the paper we consider constant-depth circuits with ∧ and ∨ gates of unbounded fan-in, and
¬ gates of fan-in one.

In the first part of the paper, we concentrate on the k-clique problem. We below briefly
describe the approach taken by Rossman [21]. Consider an Erdős-Rényi random graph
ER(n, p) with edge probability p ∼ n−(2/(k−1)+ε). The exponent 2/(k−1) is called the thresh-
old exponent for k-clique by the reasons (i) if α < 2/(k − 1) then a graph G ∈ ER(n, n−α)
contains a k-clique asymptotically almost surely (a.a.s. for short), and (ii) if α > 2/(k − 1)
then a graph G ∈ ER(n, n−α) does not contain a k-clique a.a.s..

Let α(t) be the maximal value such that for all k ∈ N and every sequence of functions
fn : {0, 1}(n

2) → {0, 1} that computed by constant-depth circuits of size O(nt), it holds
that fn(G) = fn(G ∪ KA) a.a.s. where G ∈ ER(n, n−(α+ε)) and KA is a k-clique on a
uniformly chosen k vertices of G. Rossman [21] showed that α(t) ≥ 1/(2t − 1) by a novel
use of the famous H̊astad’s switching lemma [13] together with the result on the number of
small subgraphs in the Erdős-Rényi random graph. This bound immediately implies a lower
bound of ω(nk/4) on the size of constant-depth circuits for the k-clique problem since if we
put t = k/4, the value of α = 1/(2t− 1) = 2/(k − 2) is greater than the threshold exponent
of k-clique.

If we don’t put any restrictions on the depth of circuits, it is known that the k-clique
problem can be solved by circuits of size O(nwdk/3e) ([18] or see [22]), where w ∼ 2.376
is the exponent of the fast matrix multiplication [8]. However, this method would not be
applicable for constant-depth circuits. Thus, it is natural to expect that the lower bound
would be improved to Θ(nk). Apparently, a better lower bound on α(t) gives a higher lower
bound on the constant-depth complexity for k-clique, and so the determination of the value
of α(t) was stated as an open question in [21].

In this paper, we give an essentially tight upper bound of α(t) ≤ 1/(2t− 5.5) (Corollary
1). We show this by giving an explicit construction of constant-depth circuits of size O(n

k
4
+c)

(where c is a small constant independent of k) that correctly computes the k-clique function
with high probability when the input is a random graph with independent edge probability
around n−2/(k−1) (See Theorem 2 in Section 3 for more formal statement). Hence the lower
bound of ω(nk/4) seems to almost reach the limit of the method based on the difficulties of
the k-clique problem on random graphs around the threshold.
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In the second part of the paper, we consider the k-subgraph isomorphism problem as a
natural generalization of the k-clique problem. Suppose that the pattern H is a k-star. Then
detecting H is equivalent to seeing whether there is a vertex of degree ≥ k. Since it is known
that the k-threshold function can be computed by depth-three circuits of size O(n log n)
(for constant k, see e.g., [11] or [22]), k-star can be detected by depth-four circuits of size
O(n2 log n), here the exponent is independent of k. Hence it is interesting to investigate the
relationship between the shape of the pattern H and the complexity of detecting it.

We first explain that the color-coding method introduced by Alon, Yuster and Zwick
[4] is trivially applicable on constant-depth circuits, and thus obtain an upper bound of
O(nt+1 log n) for a pattern of treewidth t. Then, we extend the Rossman’s lower bound
method to the problem of detecting a general pattern. We show intuitively that if the random
graph ER(n, n−α) with α being the threshold exponent of H contains a large number of copies
of a certain induced subgraph of H, then the method can yield a good lower bound on the
size of constant-depth circuits for detecting H (See Theorem 5 for more formal statement).
As an example of applications our extended method, we show that the constant-depth circuit
complexity of detecting a k×k-grid is between ω(n(3

√
2−4)k−ε) = ω(n0.246k) and O(nk+1 log n)

(Theorem 6).

Our extended method also reveals that sharper lower bounds can be obtained when we
consider the k-clique problem on hypergraphs. Based on this, we give explicit DNFs that
are almost incompressible by any constant-depth circuits. Precisely, for every integer t ≥ 2
and ε > 0, we give a construction of an O(nt)-term DNF formula with term length O(1)
that cannot be computed by any constant-depth circuits of size O(nt−ε) (Corollary 2). Our
construction is highly uniform, i.e., it is a naive DNF formula representing the k-hyperclique
problem on `-uniform hypergraphs (for a suitable choice of k and `). As far as the author’s
knowledge, this is the first natural construction of functions with such a property. A simple
counting argument would not be able to show even the existence of such DNFs. Note that
an incompressible result in a sharper form has recently shown for monotone circuits of depth
at most four [16].

1.1 Organization of the Paper

In Section 2, we give some notations and definitions. In Section 3, we give an explicit
construction of constant-depth circuits of size O(nk/4+c) for detecting a k-clique when the
input is a random graph with independent edge probability around the threshold. In Section
4, we give a generalized version of the lower bound method developed by Rossman as well
as some upper bounds. We also give an explicit construction of DNFs that are almost
incompressible by any constant-depth circuits. Finally, we close the paper by giving some
open problems in Section 5.

2 Notations and Definitions

A circuit C on X = {x1, . . . , xn} is an acyclic directed graph consisting of input nodes and
gate nodes. Input nodes are labeled by one of the input variables, and gate nodes are labeled
by one of the elements of {¬,∧,∨}. Gate nodes labeled by ∧ and by ∨ have unbounded
fan-in, and those labeled by ¬ have fan-in one. A subset of nodes in C are designated as
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output nodes. A circuit computes a Boolean function (or a set of Boolean functions) in an
obvious way. The output of C for an input x ∈ {0, 1}n is denoted by C(x). A graph G on
m vertices is naturally represented by

(
m
2

)
Boolean variables. If an input represents a graph

G, then the output of C for this input is written as C(G). When C has t output nodes,
then C(x) ∈ {0, 1}t. The size of a circuit C is the number of gate nodes in C, and the depth
of C is the maximum number of gates on a path from an input node to an output node.
The class of all Boolean functions that can be computed by constant-depth polynomial-size
circuits is denoted by AC0.

The k-clique function on n-vertex graphs, denoted by Cliquen
k , is a Boolean function

on
(
n
2

)
variables that outputs 1 iff the graph represented by an input contains a k-clique

(denoted by Kk), i.e., a complete graph on k vertices. A complete graph whose support is A
is denoted by KA. For a graph H = (VH , EH) on k vertices, the H-detecting function on n-
vertex graphs is a Boolean function on

(
n
2

)
variables that outputs 1 iff the graph represented

by an input contains a copy of H as a subgraph.
Let ER(n, p) denote the Erdős-Rényi random graph on n vertices with independent edge

probability p. For the properties of ER(n, p), see e.g., [7, 15]. For a graph G, V (G) denotes
the vertex set of G and E(G) denotes the edge set of G. The density of a graph G is defined
as |E(G)|/|V (G)|, and the maximum density is defined as maxH⊆G |E(H)|/|V (H)| where H
ranges over all induced subgraphs of G. The threshold exponent of a graph G, denoted by
thre(G), is the inverse of the maximum density of G, i.e., thre(G) = minH⊆G |V (H)|/|E(H)|.
For example, thre(Kk) = 2/(k−1). We say that an event En, describing a property of a ran-
dom structure depending on a parameter n, holds asymptotically almost surely (abbreviated
a.a.s.), if Pr[En] → 1 as n →∞.

For a natural number n, [n] stands for the set {1, . . . , n}.

3 Detecting k-Clique around the Threshold

Following Rossman [21, Sect. 6], we define α(t) to be the maximal value such that for all
k ∈ N and every sequence of functions fn : {0, 1}(n

2) → {0, 1} that are computed by constant-
depth circuits of size O(nt), it holds that fn(G) = fn(G∪KA) asymptotically almost surely
where G ∈ ER(n, n−(α+ε)) and A is a uniform random set of k elements of V (G). In [21],
Rossman gave the following lower bound on α(t), and left the problem of determination of
this value as an open problem.

Theorem 1 [21] α(t) ≥ 1/(2t− 1).

The lower bound of ω(nk/4) for the constant-depth circuit complexity of the k-clique
problem immediately follows from this theorem by letting t = k/4. For this choice of t,
G ∈ ER(n, n−α) contains no clique a.a.s. since α = 2/(k − 2) > 2/(k − 1) = thre(Kk).

A careful inspection of his proof reveals that the lower bound of ω(nk/4) comes from
the maximum of the expected number of s-cliques among 2 ≤ s ≤ k in the random graph
ER(n, n−α) where α = thre(Kk) = 2/(k − 1). For 2 ≤ s ≤ k, let Xs be a random variable
that represents the number of s-cliques in ER(n, n−α) where α = thre(Kk) = 2/(k − 1).
The expectation of Xs is Θ(ns−α(s

2)). Figure 1 shows the exponent of this expectation for
k = 100. This takes a maximum of ∼ k/4 at s = k/2.

We below show that Theorem 1 is essentially tight.
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Figure 1: The exponent of the expected number of s-cliques in the Erdős-Renyi graph
ER(n, n−α) where α = thre(Kk) = 2/(k − 1) and k = 100.

Theorem 2 Let α be a constant such that α ≥ thre(Kk) = 2/(k− 1). Let d be an arbitrary
constant. Then, there is a sequence of Boolean functions fn on n-vertex graphs that can be
computed by constant-depth circuits of size O(n(k+10)/4) such that

Pr[fn(G) = Cliquen
k(G)] ≥ 1− o(n−d).

This holds for both of two distributions (i) G ∈ ER(n, n−α), (ii) G = G′ ∪ KA where
G′ ∈ ER(n, n−α) and A is a uniform k-subset of V (G).

By letting k = 4t− 10 for the above theorem, the following corollary is immediate.

Corollary 1 α(t) ≤ 1/(2t− 5.5). ¤

In the rest of this section, we describe the proof of Theorem 2. In order to show this,
we use the following result on the complexity of the k-threshold function, which is formally
defined as the Boolean function on n variables {x1, . . . , xn} that outputs 1 iff

∑n
i=1 xi ≥ k

and is denoted by Thn
k . See e.g., [22, Chap. 8.2] for the proof.

Theorem 3 Thn
k can be computed by a depth three formula (i.e., a special form of circuits

in which every gate has fan-out one) of size O(kk+1n log n). In particular, if k is a constant
then Thn

k can be computed by a depth three formula of size O(n log n). ¤

Proof (of Theorem 2). We give a construction of a circuit for fn that satisfies the
condition of the theorem. For the sake of simplicity, we concentrate on the distribution (i)
for a while. The proof for the distribution (ii) is analogous, and will be noted at the end of
the proof.

The construction consists of k − 1 stages, from stage 2 to stage k. Intuitively, at stage
`, we maintain all `-cliques contained in an input graph. The number of `-cliques in G ∈
ER(n, n−α) is well concentrated around its expectation, which is shown as the line of the
subgraph-count plot (See Fig. 1). If we can maintain these small cliques efficiently, then we
can construct a circuit for the k-clique function whose size is close to the maximum number
of `-cliques among 2 ≤ ` ≤ k, which is shown as the peak of the subgraph-count plot. In the
following, a variable that represents whether there is an edge between two vertices u and v
is denoted by xu,v. We consider that the vertex set V is ordered in a natural way (e.g., by
the index of a vertex).

We begin with Stage 2. Let S2 be a partition of
(
[n]
2

)
into blocks of equal size nb2 , where

the value of b2 will be chosen later. Note that the number of sets is Θ(n2−b2). For every
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h2,*

h2,*
~

n2-b2

c

n1-b3

h3.*

h3,*
~ c

hk,*

hk-1,*
~

n1-b(k-1)

h2,(S2)

h2,(S2,1)

h2,(S2,2)

h2,(S2,3)

nb2

~
~
~

Figure 2: Left: Our circuit has a tree-like structure with alternating levels of h’s and h̃’s.
Right: The relationship between the functions h and h̃. A circle denotes the output bit that
gets the value 1. If there are more than c 1’s in h, then these will be discarded.

S2 ∈ S2, define h2,(S2) : {0, 1}([n]
2 ) → {0, 1}nb2 such that the i-th bit of h2,(S2)(G) is 1 if and

only if the i-th element of S2 is connected by an edge in G.
Let c be a sufficiently large constant. For every c2 ∈ [c], define h̃2,(S2,c2) : {0, 1}([n]

2 ) →
{0, 1}nb2 such that the i-th bit of h̃2,(S2,c2)(G) is 1 if and only if the i-th bit of h2,(S2)(G) is
1 and it is the c2-th 1 counting from the top. Formally, the i-th bit of h̃2,(S2,c2) is defined as

Thi
c2(h

[i]
2,(S2)) ∧ Thi−1

c2 (h[i−1]
2,(S2)), (1)

where h[i] denotes the first i bits of the outputs of h (see Fig. 2). Note that the number of
outputs of h̃2,(S2,c2) that have the value 1 is at most one. By Theorem 3, each bit of h̃2,(S2,c2)

can be computed by a depth five circuit of size O(nb2 log n).
We say that a graph G is bad on stage 2 if for some S2 ∈ S2, the number of 1’s in

h2,(S2)(G) exceeds c. If we pick G from ER(n, n−α), the probability that a graph is bad on
stage 2 is at most

O(n2−b2)
(

nb2

c + 1

)
n−α(c+1) = O(n2−b2n(b2−α)(c+1)). (2)

We put b2 = α − ε for a sufficiently small constant ε > 0. Then the exponent in the above
probability is strictly smaller than −d when c is sufficiently large.

We now proceed to Stage 3. Let S3 be a partition of [n] into blocks of equal size nb3 ,
where the value of b3 will be chosen later. Note that the number of sets is Θ(n1−b3). For
every S2 ∈ S2, c2 ∈ [c] and S3 ∈ S3, define |S3|-output function h3,(S2,c2,S3) such that (i)
each output is corresponding to a vertex in v in S3, (ii) for every v3 ∈ S3, the corresponding
output is defined as

∨
(v1,v2)∈S2
v3>v1,v2

xv1,v3xv2,v3 h̃
(v1,v2)
2,(S2,c2)(G),

where h̃
(v1,v2)
2,(S2,c2) denotes the output bit of h̃2,(S2,c2) corresponding to (v1, v2) ∈ S2. After com-

puting h3,(S2,c2,S3), we compute h̃3,(S2,c2,S3,c3) for each c3 ∈ [c] which is defined analogously
to Stage 2, i.e., the i-th bit of this is 1 iff the i-th bit of the output of h3,(S2,c2,S3) is the c3-th
1 counting from the top. This can be done by using a similar circuit as to (1). A graph G
is bad on stage 3 if there is a function h3,? such that the output of it contains more than c
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one’s. The probability that a graph in ER(n, n−α) is bad on stage 3 is

O(n2−b2n1−b3)
(

nb3

c + 1

)
n−2α(c+1) = O(n3n(b3−2α)(c+1)).

This probability is o(n−d) for sufficiently large c if we put b3 = 2α− ε for sufficiently small
constant ε > 0.

We then continue the above construction. The Stage ` is as follows: Let S` be a partition
of [n] into blocks of equal size nb` , where the value of b` will be chosen later. For every
choice of (S2, c2, . . . , S`), define |S`|-output function h`,(S2,c2,...,S`) such that (i) each output
is corresponding to a vertex v` in S`, (ii) for every v` ∈ S`, the corresponding output is
defined as

∧

3≤m≤`−1




∨
vm∈Sm
v`>vm

xvm,v`
h̃

(vm)
m,(S2,c2,...,Sm,cm)(G)


 ∧




∨
(v1,v2)∈S2
v`>v1,v2

xv1,v`
xv2,v`

h̃
(v1,v2)
2,(S2,c2)(G)


 ,

where h̃
(vm)
m,(...,Sm,cm) denotes the output bit of h̃m,(...,Sm,cm) corresponding to vm ∈ Sm. After

computing h`,(S2,c2,...,S`), we compute h̃`,(S2,c2,...,S`,c`) analogously to the lower stages. A
graph G is bad on stage ` if there is a function h`,? such that the output of it contains more
than c one’s. The probability that a graph in ER(n, n−α) is bad on stage ` is

O(n2−b2n1−b3 · · ·n1−b`)
(

nb`

c + 1

)
n−(`−1)α(c+1) = O(n`n(b`−(`−1)α)(c+1)).

This will be smaller than o(n−d) if we put b` = min{1, (`− 1)α− ε} for some ε > 0.
The final output of the circuit is the OR of the all hk,?’s. A graph G is said to be good

if G is not bad for every stage. The probability that a graph G ∈ ER(n, n−α) is good is
at least 1 − o(n−d). If an input graph G is good, then the output of our circuit is equal to
Cliquen

k(G).
It is obvious that the depth of a circuit is linear in k, which is a constant when k is a

constant. The size of a circuit is dominated by the final stage. The number of blocks at
stage k is

O
(
n
Pk

i=2(1−bi)
)

,

and each block has size O(nbk). Hence the total number of elements hk,?’s at stage k is

O
(
nbk · n

Pk
i=2(1−bi)

)
= O

(
n1+

Pk−1
i=2 (1−bi)

)
.

The exponent of the above equation is

1 +
k−1∑

i=2

(1− bi) = 1 +
d k−1

2
e∑

i=2

(
1− 2(i− 1)

k − 1

)
+ ε′ = dk − 1

2
e − 2

k − 1

d k−1
2
e−1∑

i=1

i + ε′

= dk − 1
2

e − dk−1
2 e(dk−1

2 e − 1)
k − 1

+ ε′ ≤ k

4
+

1
3

+ ε′.
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for some sufficiently small constant ε′ > 0. Here the first equality follows from the fact that
b` ≥ 1−ε for ` > dk−1

2 e (and in fact b` = 1 for ` > dk−1
2 e+1). Thus the total number of output

bits in all h̃k−1,? and hk,? is O(n
k
4
+ 4

3
+ε′). Each of these bits can be computed by a circuit

of size at most O(n log n). Hence the total size of our circuit is O(n
k
4
+ 7

3
+ε′′) = O(n

k
4
+ 5

2 ).
We now show the correctness of the theorem for the distribution (ii). We can upper bound

the probability that f(G) 6= Cliquen
k(G) when G is chosen according to the distribution (ii)

in an analogs way to the case for the distribution (i). Since the addition of KA will affect
only on k vertices, for example, the probability of the failure at stage 2 is upper bounded by

O(n2−b2)
(

nb2

c + 1

)
n−α(c+1−k) = O(n2−b2n(b2−α)(c+1−k)).

This will be smaller than o(n−d) when c is sufficiently large. The failure probability for any
other stages can be bounded in an analogous way. ¤

4 Detecting General Patterns

4.1 Color-Coding on AC0

The color-coding method introduced by Alon, Yuster and Zwick [4] is implementable on
constant-depth circuits, and thus we can obtain an upper bound on the constant-depth
circuit complexity for detecting a pattern H (of a fixed size k) of O(nt+1 log n) where t is
the treewidth of H. See e.g., [6] for a good survey on the notion of treewidth.

Definition 1 A tree-decomposition of a graph G = (V, E) is a pair (X , T ) with T = (I, F )
a tree, and X = {Xi | i ∈ I} a family of subsets of V , one for each node of T , such that (i)⋃

i∈I Xi = V , (ii) for all edges {u, v} ∈ E there exists an i ∈ I with u ∈ Xi and v ∈ Xi,
and (iii) for all i, j, k ∈ I, if j is on the path from i to k in T , then Xi ∩ Xk ⊆ Xj. The
treewidth of a tree-decomposition (X , T ) is maxi∈I |Xi| − 1. The treewidth of a graph G is
the minimum treewidth over all possible tree-decomposition of G. ¤

Theorem 4 Let H = (VH , EH) be a graph on k vertices. If the tree-width of H is t, then
there is a constant depth circuit of size O(nt+1 log n) that detects H in a graph G on n
vertices, if one exists. ¤

The theorem can easily be shown by applying the derandomized version of the color-
coding method [4]. See Appendix (Section 6.1) for some more details.

4.2 Lower Bound for Detecting General Patterns

The lower bound method developed by Rossman [21] can naturally be extended to the
problem of detecting a general pattern.

Throughout this section, H = (VH , EH) denotes a pattern graph on k vertices, and
G = (V,E) denotes an input graph on n vertices. We first extend the notion of the clique-
sensitive core introduced by Rossman [21] to be able to handle more general graphs.

Let A be a mapping from VH to V . For a subset V ′ ⊆ VH , let ImA(V ′) = {A(v′) |
v′ ∈ V ′}. For a subset V ′ ⊆ ImA(VH), let HA|V ′ denote a graph on V whose edge set is
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{(A(u), A(v)) | (u, v) ∈ EH & u, v ∈ A−1(V ′)}. In particular, HA|ImA(VH) is simply denoted
by HA, i.e., HA consists of a single copy of H on the vertex set ImA(VH).

Definition 2 Let f be an arbitrary (not necessary Boolean) function on n-vertex graphs.
Let H = (VH , EH) be a pattern graph on k vertices. For A : VH → V , V ′ ⊆ ImA(VH) and
s ∈ N, we define

T f,G(A, V ′) =
{
a ∈ V ′ | ∃U ⊆ V ′s.t.f(G ∪HA|U ) 6= f(G ∪HA|(U\{a}))

}

T f,G
〈s〉 (A) =

⋃

V ′⊆ImA(VH):|V ′|≤s

T f,G(A, V ′).

If T f,G(A, V ′) = V ′ then we say that T f,G(A, V ′) is full. ¤

It can be verified that the all desired properties described in Section 3 in [21] are valid
under these extensions.

For a graph H on k vertices and 2 ≤ s ≤ k, let m(H, s) denote the maximum density of
an induced subgraph of H with size s, i.e.,

m(H, s) = max{|E(H ′)|/|V (H ′)| | H ′ ⊆ H, |V (H ′)| = s}.
Note that the threshold exponent of a graph H on k vertices is equal to min2≤s≤k m(H, s)−1.

We can show the following lemma, whose proof is omitted in this version, that is analo-
gous to Lemma 4.8 in [21].

Lemma 1 Let β ≥ 0 be a constant. Let fn : {0, 1}(n
2) → {0, 1}nβ

be Boolean functions that
can be computed by AC0 circuits (with nβ output gates). Let H be a graph on k vertices,
and let H ′ be an induced subgraph of H on s vertices where 2 ≤ s ≤ k. Suppose that
0 < α < thre(H ′). Then,

Pr[T f,G(A′, ImA′(V (H ′))) is full ] ≤ nα|E(H′)|+(β−1)s+o(1),

where the probability is taken over a random graph G ∈ ER(n, n−α) and A′ is a uniformly
chosen mapping from V (H ′) → V . ¤

Let C be a circuit on
(
n
2

)
inputs, and let g be an arbitrary gate in C whose fan-in is

denoted by fanin(g). Let g̃ : {0, 1}(n
2) → {0, 1}fanin(g)+1 be the function that outputs the

value of g and all of its children. Let T g̃,G
〈s〉 (A) be defined as

T g̃,G
〈s〉 (A) = T g,G

〈s〉 (A) ∪
⋃

h is a child of g

T h,G
〈s〉 (A).

We will simply write T (g) instead of T g,G
〈s〉 (A), and T (g̃) instead of T g̃,G

〈s〉 (A). We identify a
circuit C with a function that computed by C.

Lemma 2 Let H = (VH , EH) be a graph on k vertices and A : VH → V be a mapping. If
C(G) 6= C(G ∪HA) and T (C) = ∅, then there is a gate g in C such that |T (g̃)| > s. ¤

The proof of the above lemma is analogous to the proof of Lemma 3.6 in [21], which is
described in Appendix. If we consider that a pair of inputs (G,G∪HA) is assigned to a gate
with |T (g̃)| > s, then the role of Lemma 2 may be clarified.
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s

Z*H

s 2s

Figure 3: The subgraph-count function ZH(s) for 100 × 100 grid graph H. The threshold
thre(H) is k

2(k−1) and the value of Z∗H is ∼ 24.6.

The subgraph-count function ZH(s) is defined to be ZH(s) := s{1− thre(H) ·m(H, s)}.
Note that for every induced subgraph H ′ ⊆ H of size s, ER(n, n−thre(H)) contains Ω(nZH(s))
copies of H ′ in expectation. Let ẐH(s) := min2≤s′≤s ZH(s) and let

s?(H) := min{s | m(H, s)−1 = thre(H)}.
In other words, s?(H) is the smallest s satisfying ZH(s) = 0, and so ẐH(s) > 0 iff s <
s?(H). Finally, we define Z̃H(s) := mins+1≤s̃≤2s ZH(s̃), and Z?

H := maxs≥1:ẐH(s)>0 Z̃H(s)

(or equivalently Z?
H := max1≤s≤s?(H) Z̃H(s)). See Fig. 3 for an example.

Lemma 3 For every ε > 0, there are constants α > thre(H) and β > 0 such that the
following holds. For every AC0 computable function f : {0, 1}(n

2) → {0, 1}nβ
,

Pr
G,A

[|T f,G
〈s〉 (A)| > s] ≤ n−Z̃H(s)+ε, (3)

and

Pr
G,A

[T f,G
〈s〉 (A) 6= ∅] ≤ n−ẐH(s)+ε, (4)

where G ∈ ER(n, n−α) and A is a random mapping VH → V . ¤

The proof of the above lemma is in Appendix (Section 6.3). By putting them together,
we have a generalized version of the lower bound results by Rossman [21].

Theorem 5 Let H = (VH , EH) be a graph on k vertices. Suppose that (fn)n∈N is a sequence
of Boolean functions on

(
n
2

)
variables that computed by constant-depth circuits C = (Cn)n∈N.

Suppose also that fn computes the H-detecting function on n-vertex graphs. Then the size
of Cn is Ω(nZ?

H−ε) for every ε > 0.

Proof (sketch). Fix a sufficiently small constant ε. We now pick α > thre(H) and β > 0
as in Lemma 3. Let s be the value such that Z?

H = Z̃H(s). Without loss of generality, we
can assume that all gates in C have fan-in nβ − 1 (without increasing the size or depth by
more than constant factors).

Let G ∈ ER(n, n−α) and A be a uniformly chosen random mapping from VH to V . Then,
Cn(G) = 0 a.a.s., and Cn(G ∪HA) = 1 with probability 1. Moreover, T (C) = 0 a.a.s. (here
we use Eq. (4) of Lemma 3). By Lemma 2, for almost all G and HA, there is a gate g in C
such that |T (g̃)| > s. However, this contradicts Eq. (3) of Lemma 3. ¤
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It should be mentioned that Z?
Kk

= 2k
9 + o(1), and the above theorem generalizes the

weaker ω(n2k/9) lower bound of Section 3.3 of [21], rather than the stronger ω(nk/4) lower
bound of Section 4 of that paper.

In the rest of this subsection, we derive a lower bound on the size of constant-depth
circuits that detect a k × k-grid, as an illustrative example of our generalized method.

Let H = (VH , EH) be the k × k grid, i.e., VH = {{i, j} | i, j ∈ [k]} and EH =
{({i1, j1}, {i2, j2}) | |i1 − i2|+ |j1 − j2| = 1}. It is easy to check that |EH | = 2k(k − 1). The
following is a simple exercise (whose proof is in Appendix (Section 6.4)).

Fact 1 For k × k grid H, the threshold exponent of H is k
2(k−1) and Z?

H ≥ (3
√

2− 4)k. ¤

Since it is folklore that the treewidth of the k × k grid is k, we have the following:

Theorem 6 The constant-depth circuit complexity of the problem for detecting a k×k-grid
is ω(n(3

√
2−4)k−ε) = ω(n0.246k) and O(nk+1 log n) for every constant ε > 0. ¤

The peak of the subgraph-count plot for the k×k-grid is around k/4 (see Fig. 3), and so
it would be possible to improve the above lower bound to Ω(nk/4) by more detailed analysis
as in the proof of Theorem 1.1 in [21]. However, it would be also possible to construct
constant-depth circuits of size O(nk/4+c) that correctly separates two sets of test inputs
with high probability as in the proof of Theorem 2. Thus, again, this lower bound seems to
(almost) reach the limits of the method.

4.3 Hypergraphs and Incompressible DNFs

As we have seen in the previous sections, the method yields a sharper lower bound when
the slope of a subgraph-count plot is steep. Based on this, we can show that DNF formulas
representing the k-clique problems on `-uniform hypergraphs are almost incompressible for
constant-depth circuits when ` is large.

Let K`
k denote the complete `-uniform hypergraph with k vertices. The `-uniform k-

hyperclique function, denoted by HypCliquen
`,k, is a Boolean function on

(
n
`

)
variables that

outputs 1 iff the `-uniform hypergraph represented by the input contains K`
k. A random

hypergraph H(`, n, p) is a hypergraph on the vertex set [n] where each of
(
n
`

)
`-element

subsets of [n] is an edge with probability p independently of the other `-element subsets of
[n].

We can obtain a lower bound on the constant-depth circuit size for HypCliquen
`,k by a

proof along the lines of the proof for k-clique. The sketch of the proof is described in
Appendix (Section 6.5).

Theorem 7 For every k > ` > 2, every constant-depth circuit that computes HypCliquen
`,k

contains at least Ω(nk(1−(ln `+2)/(`−1))) gates. ¤

Corollary 2 For every integer t ≥ 2 and every constant ε > 0, there is a uniform sequence
of Boolean functions fn on n variables such that (i) fn can be represented by an O(nt)-
term DNF formula with term length O(1), and (ii) fn cannot be computed by constant-depth
circuits of size O(nt−ε).

Proof. Let ` be the smallest integer such that (ln ` + 2)/(` − 1) < ε/t, and let k = `t.
Then the corollary immediately follows from Theorem 7. ¤
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5 Discussions

There remains a considerable gap between O(nk) upper bounds and ω(nk/4) lower bounds
on the constant-depth circuit complexity of the k-clique function. The proof of Theorem 2
suggests that the k-clique function may not be the hardest for graphs with Θ(n2−2/(k−1))
edges in average. To find distributions on positive and negative inputs that are unlikely to
be distinguished by constant-depth circuits of size O(nk/4+c) seems an important step for
improving the lower bounds.

Some other open problems are listed below.

• Is there an algorithm for the k-subgraph isomorphism that beats the upper bound
based on the tree-decomposition described in Section 4.1? Note that fast algorithms
are known when input graphs are restricted to planar graphs or some more general
graphs (see e.g., [9, 10, 17]).

• Can we give an explicit construction of DNFs of size O(nt) that cannot be computed
by any constant-depth circuits of size o(nt)?
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6 Appendix

6.1 Proof Sketch of Theorem 4

Proof (sketch). We use the derandomized version of the color-coding method introduced
by Alon, Yuster and Zwick [4]. Let C be a class of colorings c : V → {1, . . . , k} such that
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every sequence of k vertices v1, . . . , vk chosen from V is colored consecutively by 1, . . . , k in
some coloring in C. It is known that such a class of size |C| = kO(k) log |V | exists (see e.g., [4,
Section 4]). For a graph G = (V, E) that contains an H and a coloring c, an H in G is said
to be properly-colored under c if the vertices on it are consecutively colored by 1, 2, . . . , k.

The output of our function is expressed as
∨

c∈C
“G contains a properly-colored copy of H under c”.

Given a tree-decomposition of H and a coloring c, we can easily construct a constant-depth
circuit of size O(nt+1) for detecting a properly-colored copy of H in a way as described in
[4, Theorem 5.2]. The construction is in the bottom-up way and see [4] for the details. ¤

6.2 Proof of Lemma 2

We use the following fact that is obvious from the definition of the generalized sensitive core
(Definition 2).

Fact 2 Let T = T f,G
〈s〉 (A) and suppose that B is a set with T ⊆ B ⊆ ImA(VH) and |B| ≤ s.

Then f(G ∪HA|T ) = f(G ∪HA|B). ¤

Proof (of Lemma 2). Suppose for the contrary that T (g̃) ≤ s for every gate g in C.
We first show the following claim.

Claim 1 For every gate g in C, g(G ∪HA|T (g̃)) = g(G ∪HA).

Proof. The claim is shown by the induction on the depth of g. Let g be an input, i.e.,
g = xu,v. If (u, v) ∈ G, then g(G ∪HA|T (g̃)) = g(G ∪HA) = 1. Suppose that (u, v) 6∈ G. If
(u, v) 6∈ HA, then g(G ∪HA|T (g̃)) = g(G ∪HA) = 0. Suppose now that (u, v) ∈ HA. Then
T (g̃) = {u, v}, and so g(G ∪HA|T (g̃)) = g(G ∪HA) = 1.

For the induction step, let g be a non-input node and suppose that h(G ∪ HA|T (h̃)) =
h(G∪HA) for every child h of g. Let h be an arbitrary fixed child of g. Since T (h) ⊆ T (g̃) ⊆ A
and |T (g̃)| ≤ s, we have h(G∪HA|T (h)) = h(G∪HA|T (g̃)) (by Fact 2). Since T (h) ⊆ T (h̃) ⊆ A

and |T (h̃)| ≤ s, we also have h(G ∪ HA|T (h)) = h(G ∪ HA|T (h̃)) (again by Fact 2). The
induction hypothesis implies that h(G ∪HA|T (h̃)) = h(G ∪HA). Putting them together we
have h(G ∪HA|T (g̃)) = h(G ∪HA). Since this holds for every child h of g, we can conclude
that g(G ∪HA|T (g̃)) = g(G ∪HA). ¤

We now go back to the proof of Lemma 2. By applying the claim to the output of C, we
have C(G ∪HA|T (C̃)) = C(G ∪H|A). Since ∅ = T (C) ⊆ T (C̃) ⊆ A and |T (C̃)| ≤ s, we have
C(G ∪HA|∅) = C(G) = C(G ∪HA), which completes the proof. ¤

6.3 Proof of Lemma 3

The key properties of our extended sensitive core in Definition 2 is the following:

T f,G
〈s〉 (A) 6= ∅ ⇐⇒ ∃V ′ ⊆ ImA(VH) with 2 ≤ |V ′| ≤ s s.t. T f,G

〈s〉 (A, V ′) is full,

|T f,G
〈s〉 (A)| > s =⇒ ∃V ′ ⊆ ImA(VH) with s + 1 ≤ |V ′| ≤ 2s s.t. T f,G

〈s〉 (A, V ′) is full,
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which corresponding to statements 1 and 2 of Lemma 3.5 in [21], and can be verified analo-
gously. We can then prove Lemma 3.

Proof (of Lemma 3). The first inequality of the lemma is proved by the following
series of inequalities.

Pr
G,A

[|T f,G
〈s〉 (A)| > s] ≤ Pr

G,A
[∃V ′ ⊆ ImA(VH) with s + 1 ≤ |V ′| ≤ 2s T f,G(A, V ′) is full ]

= Pr
G,A

[∃H ′ ⊆ H with s + 1 ≤ |V (H ′)| ≤ 2s T f,G(A, ImA(V (H ′))) is full ]

=
∑

H′⊆H
s+1≤V (H′)≤2s

Pr
G,A

[T f,G(A, ImA(V (H ′))) is full ]

=
∑

H′⊆H
s+1≤V (H′)≤2s

Pr
G,A′:V (H′)→V

[T f,G(A′, ImA′(V (H ′))) is full ]

=
2s∑

s̃=s+1

∑

H′⊆H
|V (H′)|=s̃

Pr
G,A′:V (H′)→V

[T f,G(A′, ImA′(V (H ′))) is full ]

≤
2s∑

s̃=s+1

∑

H′⊆H
|V (H′)|=s̃

nα|E(H′)|+(β−1)s+o(1) (By Lemma 1)

≤
2s∑

s̃=s+1

O(1) · n−ZH(s̃)+ε ≤ n−mins+1≤s̃≤2s ZH(s̃)+ε = n−Z̃H(s)+ε.

Similarly, the second inequality of the lemma is proved as follows.

Pr
G,A

[T f,G
〈s〉 (A) 6= ∅] = Pr

G,A
[∃V ′ ⊆ ImA(VH) with 2 ≤ |V ′| ≤ s T f,G(A, V ′) is full ]

≤
s∑

s̃=2

∑

H′⊆H
|V (H′)|=s̃

Pr
G,A′:V (H′)→V

[T f,G(A′, ImA′(V (H ′))) is full ]

≤
s∑

s̃=2

∑

H′⊆H
|V (H′)|=s̃

nα|E(H′)|+(β−1)s+o(1) (By Lemma 1)

≤
s∑

s̃=2

O(1) · n−ZH(s̃)+ε ≤ n−min 2≤s̃≤sZH(s̃)+ε ≤ n−Ẑ(s)+ε.

This completes the proof of the lemma. ¤

6.4 Proof of Fact 1

We first show the following fact.

Fact 3 Let H ′ = (VH′ , EH′) be any induced subgraph of k× k grid. Then |EH′ | ≤ 2(|VH′ | −√
|VH′ |). ¤
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Proof. Consider the value
∑

v∈VH′
deg(v), where deg(v) denotes the degree of v. Each

vertex has four possible neighbors; however, the most northern and the southern vertices in
each column lose one neighbor each. Similarly, the most eastern and the western vertices in
each row lose one neighbor each. Hence we have

∑

v∈VH′

deg(v) ≤ 4|VH′ | − 2(]row + ]column),

where ]row and ]column denote the number of rows and of columns spanned by VH′ . The
value in the bracket is minimized when ]row = ]column =

√
VH′ , which immediately implies

the fact. ¤
Proof (of Fact 1). The above fact immediately implies that the threshold exponent
of k × k grid is k

2(k−1) . The second statement of Fact 1 is shown as follows: Let F (s) :=

s2 − ks(s−1)
k−1 . Then F (s) ≥ ZH(s2) for every s by the above fact. Let s = (

√
2 − 1)k.

Then F (s) = F (
√

2s) = (3
√

2 − 4)k. It is easy to verify that F (s̃) ≥ (3
√

2 − 4)k for every
s ≤ s̃ ≤ √

2s, which implies ZH(s′) ≥ (3
√

2− 4)k for every s2 ≤ s′ ≤ 2s2. ¤

6.5 Proof for HypCliquen
`,k

In this subsection, we show the following lower bound described in Section 4.3.

Theorem 7 For every k > ` ≥ 2, every constant-depth circuit that computes HypCliquen
`,k

contains at least Ω(nk(1−(ln `+2)/(`−1))) gates. ¤

The theorem easily follows from a more general form of the result below.

Theorem 8 Let k > ` ≥ 2. For every s = γk where γ ≤ (
1
2

) 1
`−1 , every constant-depth

circuit that computes HypCliquen
`,k contains at least n

s− 2k(s
`)

(k
`)

−o(1)

gates.

Proof. (From Theorem 8 to Theorem 7) Put s = γk. From Theorem 8, the exponent
of the size of circuits for HypCliquen

`,k is at least

s− 2k
(
s
`

)
(
k
`

) − o(1) = s− 2k · s

k
· s− 1
k − 1

· · · s− (`− 1)
k − (`− 1)

− o(1)

≥ kγ − 2kγ` = kγ(1− 2γ`−1).

By putting γ =
(

1
`

) 1
`−1 , the value of the above exponent is

k

(
1
`

) 1
`−1

(
1− 2

`

)
≥ k ·

((
1
`

) 1
`

) `
`−1 (

1− 2
`

)

> k

(
1− ln `

`

) `
`−1

(
1− 2

`− 1

)

≥ k

(
1− ln ` + 2

`− 1

)
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This completes the proof of Theorem 7. ¤
It remains to show Theorem 8. The outline of the proof is similar to the proof of the

lower bound for the k-clique by Rossman [21], and so we assume some familiarity with [21].
In order to show Theorem 8, we need two technical lemmas.
The first lemma we use is the following which is an alteration of Lemma 5.2 in [21]. Let

K`
A denote the complete `-uniform hypergraph supported on a vertex set A. For a, b, c ∈ N

such that a ≤ min(b, c) and b + c− a ≥ 1, let H`
a,b,c denote the `-uniform hypergraph whose

vertex set is B ∪ C with |B| = b, |C| = c and |B ∩ C| = a and consists of two `-uniform
hypercliques supported on B and on C. For s ∈ N, let Ws denote the set of triples of integers
(a, b, c) such that a ≤ min(b, c), max(b, c) ≤ s and b + c− a ≥ s + 1.

Lemma 4 Suppose that b, c ≤ s and that γ ≤ (
1
2

)`−1. Then thre(H`
a,b,c) ≥ thre(K`

k).

Proof. By the definition of the threshold exponent, we have

thre(H`
a,b,c) ≥ min

b′ + c′ − a′(
b′
`

)
+

(
c′
`

)− (
a′
`

) ,

where the minimization ranges over all a′, b′, c′ ∈ N with a′ ≤ b′, c′, b′ ≤ b, c′ ≤ c and
b′ + c′ − a′ ≥ 1. Let s′ = max(b, c). Then we have

thre(H`
a,b,c) ≥ min

a′
2s′ − a′

2
(
s′
`

)− (
a′
`

) ≥ s′

2
(
s′
`

) ≥ s

2
(
s
`

) ,

since a ≤ s′ ≤ s. In order to show the lemma, it is sufficient to show

s

2
(
s
`

) ≥ k(
k
`

) ,

or equivalently

1
2
≥ s− 1

k − 1
· s− 2
k − 2

· · · s− (`− 1)
k − (`− 1)

.

This holds if s
k ≤

(
1
2

)`−1. ¤
The second lemma we need is Lemma 5, which is a natural extension of the corresponding

lemma for the case ` = 2 in [21, Lemma 5.4]. Here we need to extend the definition of the
clique-sensitive core by Rossman [21, Definition 3.1] to be able to handle hypergraphs. This
can be done in an obvious way.

Definition 3 Let f be a function on `-uniform hypergraphs. Let G be an `-uniform hyper-
graph, A ⊆ V (G) and s ∈ N. Define

T `,f,G(A) =
{

a ∈ A | ∃B ⊆ A s.t. f(G ∪K`
B) 6= f(G ∪K`

B\{a})
}

.

T `,f,G
〈s〉 (A) =

⋃

B⊆A:|B|≤s

T `,f,G(B).

This extension preserves all desired properties of the clique-sensitive core and thus we can
show the following lemma. Recall that H(`, n, p) denotes a random `-uniform hypergraph
on the vertex set [n] with independent edge probability p.
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Lemma 5 Let ` be a constant such that ` ≥ 2. Suppose f = (fn)n∈N is an sequence of AC0

functions fn : {0, 1}(n
`) → {0, 1}nβ

for some constant β ≥ 0. Let s ∈ N and (a, b, c) ∈ Ws

and α < thre(Ha,b,c). Then for a random hypergraph G ∈ H(`, n, n−α) and uniform random
sets B ∈ ([n]

b

)
and C ∈ (

[n]
c

)
with |B ∩ C| = a,

Pr[T `,f,G(B) = B and T `,f,G(C) = C] = n
α|EHa,b,c

|+(β−1)|VHa,b,c
|+o(1)

.

¤

The proof of Lemma 5 is analogous to the proof of Lemma 5.4 in [21] and is omitted. Here
we only note that we use the following properties of the number of subgraphs in H(`, n, n−α)
in the proof of Lemma 5. Let XH denote a random variable that represents the number of
copies of H in G ∈ H(`, n, n−α). Note that the expectation of XH is Θ(n|V (H)|−α|E(H)|).
The following theorem can be proved via an obvious extension of a method for deriving the
case ` = 2 (e.g., [14]). One can easily show this by applying the method described in [15,
Chap 3.1].

Theorem 9 For every `-uniform hypergraph H and α > 0, the following holds for G ∈
H(`, n, n−α) as n →∞.

• if α > thre(H) then Pr[XH 6= 0] = o(1),

• if α < thre(H), then for all ε > 0 Pr[XH < n|V (H)|−α|E(H)|−ε] = exp(−nΩ(1)). ¤

Proof sketch of Theorem 8. Put s = γk with γ ≤ (
1
2

) 1
`−1 . Consider a random

hypergraph H(`, n, n−α) for α = thre(K`
k) + ε = k/

(
k
`

)
+ ε. Suppose that constant-depth

circuits of size O(nt) compute HypCliquen
`,k, where t = s − 2k

(
s
`

)
/
(
k
`

)
. Without loss of

generality, we can assume that all gates in C have fan-in nβ−1 for sufficiently small constant
β > 0 (without increasing the size or depth by more than constant factors). Then there is
a gate g in C such that

Pr[T `,f,G(B) = B and T `,f,G(C) = C] = Ω(n−t), (5)

where f : {0, 1}(n
`) → {0, 1}nβ

is a list of outputs of all of g’s children and g itself. By
Lemma 4, we have α < thre(Ha,b,c). Hence by Lemma 5, we have

Pr[T `,f,G(B) = B and T `,f,G(C) = C] = n
α|EHa,b,c

|+(β−1)|VHa,b,c
|+o(1)

. (6)

Since β > 0 is sufficiently small, the exponent of the RHS in Eq. (6) is at most

k|EHa,b,c
|(

k
`

) − |VHa,b,c
|.

Since |EHa,b,c
| ≤ 2

(
s
`

)
and |VHa,b,c

| > s, this is strictly smaller than −t. This contradicts Eq.
(5), and hence completes the proof. ¤
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